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Abstract. We derive an expectation conditional maximization either
(ECME) algorithm for estimating jointly the parameters of a linear regression model, of a time-variable autoregressive (AR) model with respect to the random deviations, and of a scaled t-distribution with respect to the white noise components. This algorithm is shown to take
the form of iteratively reweighted least squares in the estimation of the
parameters both of the regression and time-variability model. The fact
that the degree of freedom of that distribution is also estimated turns the
algorithm into a partially adaptive estimator. As low degrees of freedom
correspond to heavy-tailed distributions, the estimator can be expected
to be robust against outliers. It is shown that the initial stabilization
phase of an accelerometer on a shaker table can be modeled parsimoniously and robustly by a Fourier series with AR errors for which the
time-variability model is defined by cubic polynomials.
Keywords: Linear regression model, time-dependent AR process, partially adaptive estimation, robust parameter estimation, EM algorithm,
iteratively reweighted least squares, scaled t-distribution

1

Introduction

Linear regression models are used in many fields of application to approximate
numerical measurement results by means of parametric functions. In practice,
the random deviations of the observables from these deterministic functions are
frequently correlated. In the context of a time series measured by a single sensor,
autocorrelations can be expected for instance as a consequence of calibration corrections being applied to all of the measurements (cf. [20]). The resulting colored
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noise is often modeled parametrically by means of covariance-stationary autoregressive (AR) or, more generally, by autoregressive moving average (ARMA)
models. In the context of geodesy, for instance, such models were estimated to
describe the colored noise of the Gravity and Gravity Field and Steady-State
Ocean Circulation Explorer (GOCE) satellite gravity gradiometer (see [31]), of
inertial sensors (see [37], [29], [28]), and within global navigation satellite system
(GNSS) data (cf. [23]). The idea of fusing a linear regression model with an AR
error model has been known at least since [14].
Stationary colored noise models are frequently found to be insufficient due to
time-variable effects acting on the sensor, the environment or the observed phenomenon. To overcome this limitation, AR(MA) processes with time-dependent
coefficients were introduced and methods for their estimation investigated by [34]
and [19]. If colored noise is to be removed from the measurements, the estimated
AR(MA) process must be invertible. Invertibility conditions for time-variable
ARMA processes were formulated by [12]. Many different schemes for modeling the time-variability of AR(MA) processes have been proposed. For instance,
[16] used a stochastically perturbed difference equation constraint model to ensure smoothness of estimated time-variable AR processes. Another stochastic
approach is based on the formulation of a time-variable AR process as a statespace model, leading to a Kalman filter (see [35] and the references therein).
Furthermore, the modeling of AR models with coefficients changing throughout
different regimes in the sense of a Markov chain was considered by [7]; see also
the comparative study [1].
The usual approach to modeling the time-variability of AR(MA) coefficients
is to assume a certain set of basis functions and to express a particular AR(MA)
coefficient, at every time instance, as a point on the best-fitting linear combination of the basis functions. For instance, polynomials in terms of truncated
power series [4], Legendre polynomials [30], wavelets [36], trigonometric [11, 6],
sigmoid functions [10], and discrete prolate spheroidal sequences [8] have been
used for this purpose. The previous studies made effective use of least squares
techniques for the purpose of parameter estimation. When the white noise error
component of the AR(MA) process is expected to be outlier-afflicted or heavytailed, a robust estimator should be used instead. Probability distributions that
take care of both of these issues are found (amongst others) within the family of
scaled t-distributions. When their degree of freedom is estimated alongside the
regression or AR(MA) model parameters, one speaks then of partially adaptive
estimation.
On the one hand, partially adaptive estimation for linear regression models
with t-distributed random deviations was suggested by [18]. In their approach,
an EM algorithm was used for the purpose of maximum likelihood (ML) estimation, which takes the form of numerically convenient iteratively reweighted
least squares (as already indicated by [5]). [27] and [21] suggested expectation
conditional maximization (ECM), expectation conditional maximization either
(ECME) and multicycle ECM as variants of EM to speed up convergence. On
the other hand, [3] carried out a Bayesian type of partially adaptive estimation
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of pure AR processes with t-distributed errors. [32] considered even a timedependent AR process with t-distributed innovations, but did not estimate the
degree of freedom. It should be mentioned that [25] and [24] introduced partially adaptive estimation, respectively, for linear regression and ARMA models
in connection with a generalized t-distribution, which however does not seem to
allow for the development of an EM algorithm in the spirit of [18].
Partially adaptive estimation of linear regression models with autoregressive
random deviations and t-distributed white noise component appears to have
been investigated first in [15]. In the following, this model is further extended
to include an additional component that allows for time-variability of the AR
coefficients. We choose for this purpose the aforementioned approach based on
basis functions. After defining the specifics of the observation model, we derive
a corresponding ECME algorithm, showing in particular that the coefficients
of the regression model and the coefficients of the AR model can be estimated
via two separate iteratively reweighted least squares schemes. This algorithm is
applied to a measured time series of accelerometer data in a vibration analysis
experiment. It is shown that the initial stabilization phase of the induced vibration can be modeled efficiently and estimated robustly by using a combination of
a low-order Fourier series and a low-order, time-variable AR process with rather
heavily tailed, t-distributed white noise components.

2

The Observation Model

The basic time series model consists of n linear observation equations
Yt = At ξ + Et

(t = 1, . . . , n),

(1)

where Yt represents an observable, At ξ a purely deterministic functional model,
and Et a random deviation. The observables and random deviations are collected
in corresponding (n × 1)-random vectors Y and E. We assume that the functional model includes m unknown parameters ξ = [ξ1 , . . . , ξm ]T and that the row
vectors A1 , . . ., An give rise to a known (n × m)-coefficient matrix A with full
rank m. Furthermore, we assume that the random deviations are autocorrelated
via a time-dependent p-th order autoregressive (AR) model
Et = α1,t Et−1 + . . . + αp,t Et−p + Ut

(t = 1, . . . , n),

(2)

where U1 , . . ., Un are independently and identically distributed random variables
with mean 0 and variance σ02 . The time variability of each of the p AR coefficients
will be described by linear models
αj,t = Xt β j

(j = 1, . . . , p; t = 1, . . . , n)

(3)

involving a (q × 1)-vector of unknown parameters β j = [β1,j , . . . , βq,j ]T and
known coefficient vectors X1 , . . ., Xn . Thus, we employ the same family of functions for all p AR coefficients. We consider for the distribution of the white noise
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components U1 , . . ., Un the scaled t-distribution Ut ∼ tν (0, σ 2 ) with generally
unknown degree of freedom ν and unknown scale parameter σ. That family of
distributions is defined by the (family of) probability density functions (pdf)
Γ ν+1
2
f (ut ) = √
νπ σ Γ



ν
2



 1+

 u 2
t

σ

/ν

− ν+1
2

(t = 1, . . . , n),

(4)

where Γ is the gamma function. Due to the stochastic independence
of the white
Qn
noise components, their joint pdf factorizes into f (u) = t=1 f (ut ). To fix the
initial conditions of the AR(p) model (2), we assume that E0 , . . ., E1−p take a
constant value of 0. Assuming in addition that this model can be inverted, we
can write in view of (1) – (3) for the t-th realization of Ut
ut = et − α1,t et−1 − . . . − αp,t et−p

(5)

= (yt − At ξ) − Xt β 1 (yt−1 − At−1 ξ) − . . . − Xt β p (yt−p − At−p ξ)




q
m
m
X
X
X
At,j ξj  −
At−1,j ξj 
Xt,k βk,1 yt−1 −
= yt −
j=1

j=1

k=1

−... −

q
X

k=1

(6)



Xt,k βk,p yt−p −

m
X
j=1



At−p,j ξj  ,

(7)

setting the initial conditions y0 = · · · = y1−p = 0 and A0 = · · · = A1−p =
0[1×m] . Using the notation Lj Zt := Zt−j in connection with αt (L) := 1 −
α1,t L − . . . − αp,t Lp and Zt = αt (L)Zt for an arbitrary sequence of matrices
(Zt )t∈T with T ⊆ Z, we also have for every t = 1, . . . , n
ut = et = αt (L)et = αt (L)(yt − At ξ) = y t − At ξ.

(8)

This enables an interpretation of the quantities et , y t and At as the outputs of
the digital filter αt (L), applied respectively to a segment of the random deviations e, of the observations y and of the coefficient matrix A. Thus, α1 (L), . . .,
αn (L) may be viewed as turning the colored noise sequence e progressively into
white noise u, acting thus jointly as a decorrelation filter. Equations (4) and
(7) define the basic probabilistic and parametric observation model. As f (u) is
actually a function of the observations y, depending also on the values of all
model parameters, we could use this joint pdf to define the likelihood function
L(ξ, β, σ 2 , ν; y) for the purpose of parameter estimation. Note that this function
is conditional on the previously fixed values for E0 , . . ., E1−p ; the use of such a
conditional likelihood function (cf. [13]) is justified if the number of observations
is sufficiently large in order for the ’warm-up effect’ of the initial conditions on
the subsequent autoregressive values to fade out.
Since maximum likelihood (ML) estimation based on the preceding likelihood
function (or on its natural logarithm) cannot be based on closed-form expressions
due to the intricacy of the t-distribution, we apply a well-known latent-variables
approach (see [18]), which will enable ML estimation by means of a relatively
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simple form of expectation maximization (EM) algorithm also for our specific
time series model. The general idea is to firstly introduce independently and
identically gamma-distributed latent variables Wt ∼ G(ν/2, ν/2) (t = 1, . . . , n),
where ν is the degree of freedom of the desired t-distribution tν (0, σ 2 ). This
distribution is defined by the pdf

ν
ν
ν
 ( ν2 ) 2
−1
· wt2 · e− 2 wt if wt > 0,
ν
Γ( 2 )
f (wt ) =
(9)

0
if wt ≤ 0,
Qn
and the stochastic independence allows us to factorize f (w) =
t=1 f (wt ).
Secondly, instead of assuming the white noise components to follow a scaled
t-distribution at the outset, it is assumed that each random variable Ut follows
a normal distribution conditional on the occurrence of the value wt of the latent
variable Wt . More specifically, we choose for the conditional pdf


u2t
1
exp
−
,
(10)
f (ut |wt ) = p
√
√
2(σ/ wt )2
2π(σ/ wt )2
where each Ut is assumed to be conditionally independent from U1 , W1 , . . .,
Ut−1 , Wt−1 , Ut+1 , Wt+1 , . . ., Un and Wn . In other words, the values of the latter
random variables shall not affect the density of ut , in the sense that
f (ut |u1 , w1 . . . , ut−1 , wt−1 , ut+1 , wt+1 , . . . , un , wn , wt ) = f (ut |wt ).

(11)

This form of conditional independence can be interpreted as a hidden Markov
property for which the hidden variables are real-valued (see Section 4 in [2]).
In light of (10), we now see that the variance of every white noise component
Ut is rescaled by an unknown (latent) weight wt , independently of the white
noise components and weights associated with time instances other than t. We
obtain then from (9) and (10) the joint pdf f (ut , wt ) = f (wt ) f (ut |wt ), which in
turn gives the desired pdf (4) of the scaled t-distribution as a marginal distribution (see Sect. 2.6 in [26]). This joint pdf also yields f (wt , ut ) = f (ut ) f (wt |ut ),
where the conditional pdf f (wt |ut ) can be shown to define the gamma distribution G(a, b) with parameters a = (ν + 1)/2 and b = (ν + u2t /σ 2 )/2, given
the value ut (cf. [17], equations (27)). In connection with the initially made two
assumptions of conditional independence, this allows us to establish the joint
pdf of the white
Qn noise and the latent weights in the form of the factorization
f (u, w) = t=1 f (wt ) f (ut |wt ), which we define to be the likelihood function
L(ξ, β, σ 2 , ν; y, w) of the extended observation model.

3

The Modified EM Algorithm

Combining the preceding pdf with (8) – (10), we can write the log-likelihood
function in the form
ν 
ν 
n
n
nν
log L(ξ, β, σ 2 , ν; y, w) = − log(2π) − log(σ 2 ) +
− n log Γ
log
2
2
2
2
2
n
n
n
X
X
X
1
ν
1
log wt − 2
wt [αt (L)(yt − At ξ)]2 +
(log wt − wt ),
(12)
−
2 t=1
2σ t=1
2 t=1
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where each αt (L)-filter is a function of the parameters β. Collecting for brevity
of expressions all unknown parameters ξ, β, σ 2 and ν within the vector θ and
following the idea of expectation maximization (EM) in [5], we iteratively aim
for a solution θ (i+1) that maximizes EY,W|y;θ(i) {log L (θ; y, W)}. Here, i ∈
{0, 1, 2, . . . , } denotes the iteration step within the EM algorithm, so that the
conditional expectation is evaluated by using both the given measurements y
and the parameter estimates θ (i) from the preceding iteration step.

3.1

The E-Step

Following the general approach by [5], we restate the conditional expectation as
the Q-function (see also [9])
Q(θ|θ (i) ) = EW|y;θ(i) {log L (θ; y, W)} .

(13)

As the likelihood function was previously defined in terms of white noise U
rather than the observables Y, we will condition directly on the realizations u.
We then find with (12), in analogy both to the pure regression case without AR
models in [18] and to the regression model with time-constant AR models in
([15]), the Q-function to be
ν 
ν 
n
nν
n
log
− n log Γ
(14)
Q(θ|θ (i) ) = − log(2π) − log(σ 2 ) +
2
2
2
2
2


n
n
 u 2
X1
X1
t
−
EW|u;θ(i) {Wt } +
ν+
(ν − 1)EW|u;θ(i) {log Wt }
2
σ
2
t=1
t=1
with
ν (i) + 1

(i)

wt := EW|u;θ(i) {Wt } =

ν (i)

+



(i)

αt (L)(yt −At ξ (i) )
σ (i)

(15)

2

and (employing the digamma function ψ)
EW|u;θ(i) {log Wt } =

(i)
log wt

+ψ



ν (i) + 1
2



− log



ν (i) + 1
2



.

(16)

Substitution of the findings (15) and (16) into (14) gives us now
n

n
1 X (i)
nν
2
log(σ 2 ) − 2
w [αt (L)(yt − At ξ)] +
log ν (17)
2
2σ t=1 t
2
" 
#

n 
 ν  nν

 1X

ν (i) + 1
(i)
(i)
−n log Γ
+
ψ
− log ν (i) + 1 +
log wt − wt
.
2
2
2
n t=1

Q(θ|θ (i) ) = const. −
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3.2

7

The M-Step

To carry out the M-Step, we determine the first partial derivatives of the Qfunction (17) with respect to the individual parameters ξ, β, σ 2 and ν in θ, and
set these equal to zero. It is not difficult to show that the first-order condition
with respect to the j-th parameter in ξ becomes
n
1 X (i)
∂
(i)
w At,j (y t − At ξ).
Q(θ|θ ) = 2
0=
∂ξj
σ t=1 t

Writing these m equations in matrix notation, for which purpose we denote by
(i)
(i)
W(i) the diagonal matrix of the weights w1 , . . ., wn , we obtain




A1,1 · · · An,1
y 1 − A1 ξ



..  W(i) 
..
(i)
0 =  ...
y − Aξ .

 = AW
. 
.
A1,m · · · An,m

y n − An ξ

As these normal equations for the parameter group ξ involve also the unknown
parameters β through the filter operations, we fix values for the latter by setting
β = β (i) . In doing this, we perform a so-called conditional maximization (CM)
step in the sense of [27]. Then, β (i) allows us to compute the time variable AR
(i)
(i)
coefficients α1,1 , . . ., αp,n by means of the equations (3); these coefficients define
decorrelation filters, which we can subsequently employ to calculate the filtered
quantities (for every t = 1, . . . , n)
(i)

(i)

y t := αt (L)yt ,

(i)

(i)

At,j := αt (L)At,j ,

(i)

(i)

At := αt (L)At .

The new solution ξ (i+1) for ξ can then be computed from
 (i)

(i) −1
(i)
ξ (i+1) = (A )T W(i) A
(A )T W(i) y(i) ,

(18)

(19)

(i+1)

which estimates give rise to the colored noise residuals et
:= yt − At ξ (i+1) .
Next, we consider the first-order conditions with respect to the previously fixed
parameter vectors β 1 , . . ., β p , for which we obtain
0=

n
∂
1 X (i)
w et−h XTt (et − Xt β 1 et−1 − . . . − Xt β p et−p ).
Q(θ|θ (i) ) = 2
∂β h
σ t=1 t

Having already determined estimates ξ (i+1) , the joint solution of the equation
systems arising for all h = 1, . . . , p can be determined as a second CM step via




(i+1)
(i+1)
(i+1)
(i+1) T
(i+1)
e1
− e0
X1 β 1 − . . . − e1−p X1 β p
e0
X1 · · · en−1 XTn
 (i)  .


..
..
W .

0 = 
.
.
.



(i+1)

(i+1)

(i+1)
(i+1)
(i+1)
e1−p XT1 · · · en−p XTn
en
− en−1 Xn β 1 − . . . − en−p Xn β p


=: (E(i+1) )T W(i) e(i+1) − E(i+1) β ,
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(i+1)

using the initial conditions e0
= . . . = e1−p = 0 and the stacked vector
T
T
T
β = [β 1 . . . β p ]. The reweighted least squares solution for β then reads

−1
β (i+1) = (E(i+1) )T W(i) E(i+1)
(E(i+1) )T W(i) e(i+1) .
(20)
(i+1)

For every time instance t, the resulting AR coefficients will be denoted by αj,t

,

(i+1)
and we write for the corresponding decorrelation filter αt
(L), which allows
(i+1)
(i+1)
(i+1)
us to estimate the white noise residuals through ut
= αt
(L)et
. The

third CM-Step applies to the scale factor of the underlying t-distribution and
requires the solution of
0=

n
∂
n
1 X (i) 2
(i)
w u .
Q(θ|θ
)
=
−
+
∂σ 2
2σ 2
2σ 4 t=1 t t

Substituting the current estimates ξ (i+1) and β (i+1) , we obtain for this solution
the average sum of squared residuals
n

(σ 2 )(i+1) =

(u(i+1) )T W(i) u(i+1)
1 X (i)  (i+1) 2
wt ut
.
=
n t=1
n

(21)

∂
The fourth CM step would then follow from solving the equation 0 = ∂ν
Q(θ|θ (i) ),
completing the current step of the EM algorithm (in the form of ECM). In view
of the findings of [21] and [22] (see also [26]) in the context of estimating the
degree of freedom of the scaled t-distribution, the number of iteration steps
can generally be reduced greatly by replacing the Q-function with the original log-likelihood function within the preceding first-order condition for ν. This
modification of the ECM algorithm is called ECM either (ECME) and increases
the likelihood in each iteration step as well. Applying this idea to our specific
model (4) – (8), we thus seek the zero of the equation


ν+1
n ν  n
n
∂
− ψ
log L(ξ, β, σ 2 , ν; y) = ψ
+ (log ν + 1)
0=
∂ν
2
2
2
2
2


n
n 
 u 2 −1


X
X
2
1
ut
1
t
ν+
− (ν + 1)
log ν +
−
2 t=1
σ
2
σ
t=1

Replacing u by the currently available estimated residuals u(i+1) , denoting the
(i+1)
solution for ν by ν (i+1) , and defining wt
according to (15), we finally obtain
 (i+1) 
 (i+1)



ν
ν
+1
(i+1)
0 = log ν
+1−ψ
+ψ
− log ν (i+1) + 1
2
2
n 

X
1
(i+1)
(i+1)
+
log wt
− wt
.
(22)
n t=1
We conclude this section with a few comments on our implementation of the
preceding ECME algorithm.
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If initial values for ξ are unknown, they are computed via unweighted least
squares through ξ (0) = (AT A)−1 AT y. Based on the resulting initial residuals
e(0) , initial values for β are computed next via (20), applying again the neutral
weight matrix W(0) = I. This solution gives rise to the initial decorrelation filters
(0)
αt (L), which allow for the computation of the residuals u(0) . Subsequently, we
determine the initial value for σ 2 through (σ 2 )(0) = (u(0) )T u(0) /n. Furthermore,
we choose for the initial degree of freedom ν (0) = 30. With these values, the
weight determination (15) within the E step and the CM(E) steps (19) – (22)
are iterated until the maximum number of iterations is reached or until the
following stop criterion is satisfied. We check whether the greatest absolute value
of the differences between the estimates of two subsequent iteration steps is less
than 10−8 for the parameters ξ, β and σ 2 , and less than 10−4 for ν. Since the
normal distribution represents the limiting case ν → ∞ of the t-distribution, it
is possible that the zero of (22) is infinite. To circumvent numerical problems
created by this case, we check if a sign change of the function on the right-hand
side of (22) occurs between 10−8 and 108 ; if not, we set ν (i+1) to a very large
value in correspondence to a normal distribution. It should be mentioned that
we did not find it necessary in our real-data applications to enforce stability on
the time-variable AR-processes, which issue is beyond the scope of the current
paper.

4

An Application to Vibration Analysis

We applied the ECME algorithm to estimate the non-stationary behavior of
a highly accurate single-axis PCB Piezotronics accelerometer within a vibration analysis experiment, which was carried out at the Institute of Concrete
Construction at the Leibniz Universität Hannover. The sensor was mounted on
a shaker table, which consists of a plexiglass plate fixed between two wooden
supports and two imbalance motors in the center. This shaker induced an oscillation frequency of 16 Hz throughout the measurement period of approximately
45 minutes. The sampling frequency of the accelerometer was approximately 195
Hz, so that a maximum frequency of about 95 Hz can be detected. Usually, the
first few seconds of the data set are discarded as transient oscillation. The data
set without this initial stabilization phase was modeled in [15]. In the following,
we analyze only that initial phase, which we defined to consist of the first 1500
accelerometer values (i.e., of the initial approximately 7.7 seconds). Apart from
the main frequency, multiples of 8 Hz with small amplitudes can be expected to
occur as a consequence of the sampling of the originally continuous-time phenomenon and due to the physical properties of the shaker table. We modeled
this signal content by means of the truncated Fourier series
12

yt =

a0 X
aj cos (2πfj xt ) + bj sin (2πfj xt ) + et ,
+
2
j=1

(t = 1, . . . , n)

(23)

with fixed frequencies fj = j · 8 Hz; the unknown Fourier coefficients a0 , a1 , . . .,
a12 and b1 , . . ., b12 , are collected within the parameter vector ξ. Concerning the
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colored noise, we specified on the one hand a time-variable AR(p)-process using
the global polynomials x0 , x1 , . . ., xq , and on the other hand a time-constant
AR(p)-process (which constitutes the special case q = 0 of the preceding model).
We tried different autoregressive and polynomial model orders, beginning with
p = q = 1, and identified the least orders for which the estimated, decorrelationfiltered residuals û (obtained as the values u(i+1) after convergence of the ECME
algorithm) pass a periodogram-based white noise test. We used for this purpose
the MATLAB routine periodogram to compute the onesided periodogram I1 ,
. . ., IM , which values give the normalized cumulated periodogram
Pi
Ik
(i = 1, . . . , M ),
S0 = 0, Si = Pk=1
M
k=1 Ik

Periodogram excess
over white noise

where M is the lower integer of n/2. The test compares the maximum cumulated
periodogram excess T = maxi |Si − i/M | over a cumulated, theoretical white
noise periodogram with 1 − α significance bounds (cf. Sect. 7.3.3 in [33]). We
thus obtained as the most parsimonious colored noise description a time-variable
AR(6) model with cubic polynomials (q = 3) and a time-constant AR(21) model
(see Fig. 1 for the depiction of the two periodogram tests and Fig. 2 for the
estimated AR coefficients). The adjustment involving the time-variable AR

0.2
0.1
0
-0.1
-0.2
0

20

40

60

80

Frequency [Hz]

Fig. 1. Excess of the estimated periodogram of the decorrelated residuals for the timevariable AR(6) model (blue) and for the stationary AR(21) model (green) with respect
to the theoretical white noise periodogram (black) and 99% significance bounds (red).

model yields for the estimated degree of freedom ν̂ = 4.8 (indicating a rather
heavy-tailed t-distribution), whereas we obtained the Gaussian limit ν̂ → ∞ for
the time-constant model. The difference between these two models in terms of
adjusted observations Aξ̂ is also clearly discernible (see Fig. 3). Whereas the
time-variable model reproduces the eventual oscillation amplitude quite accurately, much of the oscillation signal is absorbed into the colored noise residuals
of the time-constant model. We therefore conclude that it is more reasonable to
interpret and model the initial measurement phase, where the oscillation amplitude changes greatly before reaching a stable value, as a combination of outliers
(leading to heavy tails) and non-stationary autocorrelation patterns interacting
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Fig. 2. Estimated coefficients of the time-variable (tv) AR(6) model and of the first
six coefficients for the time-constant (tc) AR(21) model over the 1500 time instances.

with the Fourier series model. These patterns can be displayed as a time-variable
power spectral density (see Fig. 4), defined by (cf. [35])
σ̂u2
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Fig. 3. Top row: plot of the complete dataset y (blue), of the adjusted observations
involving the time-variable (tv) AR(6) model (in red on the left subplot), and of
the adjusted observations Aξ̂ involving the time-constant (tc) AR(21) model (in red
on the right subplot). Bottom row: plots of the corresponding estimated residuals
(decorrelation-filtered residuals û in blue, colored noise residuals ê in red).
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Fig. 4. Power spectral density based on the time-variable AR(6) processes.

where the standard deviation of the t-distributed white noise components is
ν̂
σ̂ 2 .
related to the estimated scale factor and degree of freedom via σ̂u2 = ν̂−2
The evident fact that the PSDs have peaks around 16 Hz demonstrates that the
oscillation signal is still partially captured by the colored noise model. As both
the Fourier and the AR model have relationships with the frequency domain,
this kind of interaction appears to be unavoidable.
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